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The problem, and related

Distribution dependent stochastic differential equations (SDEs), also called McKean-Vlasov or
mean-field SDEs, is of the form:

dX; = b(1, Xy, Zx,)dt + o (1, Xy, Zx,)AWs, Xo = & € [P(Q2 — R?, P, P).

@ X. Fan, T. Yu and C. Yuan, Asymptotic behaviors for distribution dependent SDEs driven
by fractional Brownian motions, accepted by SPA.
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Our concerned equation:
dX; = b(t, Xy, Zx,)dt + o (1, Z,)dBY, X = x, (1)

where XX; denotes the law of X¢, e > 0 is a small parameter, B is a fractional Brownian motion
with Hurst parameter H € (1/2, 1), the coefficients » and ¢ fulfill some appropriate conditions
given in later sections. Moreover, the integral with respect to B is interpreted in the Wiener
sense due to the fact that o (-, Zx<) is deterministic.

The main purpose of this paper is to study the LDP, MDP and CLT of (1) when ¢ — 0. More
precisely, let X° be the limit of X€ in some sense, we are going to investigate the asymptotic
behaviors for the path of the form

X —XxP ,
efli(e)

YS = € [0,7].

e In the case of the LDP, namely (e) = 1/¢, we show that X¢ satisfies the LDP with speed €24,

e In the case of the CLT, namely x(¢) = 1, we prove that as ¢ — 0, converges toa
stochastic process which solves a linear equation involving the Lions derlvatlve of the coefficient
b.

o In the case of the MDP, namely x(¢) — oo and e k(e) — 0 as € — 0, we derive that Y€
satisfies LDP with speed k=2 (e).

Here, let us point out that the MDP for X refers to the LDP for Y€ since the scaling by ¢/ x(¢)
means that the MDP is in the regime between the LDP and the CLT.

Chenggui Yuan DDSDEs with fractional noises July 30— August 2, 2023 5/35



For some fixed H € (1/2, 1). we consider (2, .#,P) the canonical probability space associated
with fractional Brownian motion with Hurst parameter H such that the canonical process

{Bf;t € [0, T]} is a d-dimensional fractional Brownian motion with Hurst parameter H. Recall
that B = (B#>1,... | B?) is a centered Gaussian process, whose covariance structure is
defined by

E <B{17i3§1=1') = Ru(t,s)0j, s,t €[0,T], i,j=1,---.,d
with RH(Z, s) = %(Z‘ZH + $2H — |t _ S‘ZH).

We denote by & the set of step functions on [0, 7] with values in R%. Let H be the Hilbert space
defined as the completion of & with respect to the scalar product

d
<(]I[O,tl]7 Tty H[O,M]): (H[O,xl]z t '7H[O,.rd])> = ZRH(tiysi)'
" i=1

tAs
Ri(t,s) = [ Knlt,r)Ku(s,nar,
0
where Ky (1, s) is the square integrable kernel given by
t
Ku(t,s) = CHs%fH/ (r— s)Hf%erédr, r>s
s

HQH—1)

BOHA=T/3) and B standing for the Beta function.

with Cy =
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Let (e1,--- , eq) designate the canonical basis of R, one can introduce the linear operator
K3 & — L*([0,T],R?) defined by

K (Io,nei) = Ku(t, -ei.

<K;‘,¢,K,’;¢)Lz([0ﬂmd) = (¢, @)% holds for all 1, ¢ € &. There exists a d-dimensional Wiener
process W defined on (2, .%, P) such that B has the following Volterra-type representation

1
B = A Ku(t,s)dWs, t € [0,T]. )

Moreover, K}; has the following representations: for any +, ¢ € H,

OKH (s, 1)

d
s y

T
K)o = [ (o)
and
T T
(Ki Ki )iz oy = (00 = HCH = 1) [ [T =P =200, 60 sutoar. @)

As a consequence, for any ¢ € L?([0, T], R¢), one has

913 < 20T 19172 )

Besides, one can show that L'/# ([0, T], RY) C .
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Next, we define the operator Ky : L*([0, T],RY) — I/."'/*(£2([0, T], R%)) by

(Kn)() = [ Kntts17(5)os,

0

where 15y is the left-sided fractional Riemann-Liouville integral operator of order «(> 0) given by

oY 1 * '
o f(x) = @/0 #dy, feL'(o,1],RY), x € (0, 7). (5)

Let us mention that the space Iéﬂ:rl/z(Lz([O, T],R%)) is the fractional version of the
Cameron-Martin space. Finally, we denote by Ry = Ky o K}y : H — I('f:l/z(Lz([O, T],RY)) the

operator

(Ruv) (1) = /0[ Ku(t,s)(K5) (s)ds. (6)

Since 151/ (L2(0, T), RY)) C €*((0,T], R?), we know that for any 4 € H, Ry is Holder
continuous of order H, i.e.

Ry € C*([0,T),RY), ¢ € H. (7)

w0 = [ ([ B2 60K ) as ®
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The Lions derivative

Forany 6 € [1,00), P (Rd) stands for the set of 6-integrable probability measures on R?, and define the L?-Wasserstein
distance on 274 (R?) as follows

1

g 0
Woluv)i= _int ([ s rnan ) wr e 2o@).
TEE (1, v) R xR

Here € (i, ) denotes the set of all probability measures on R? x R? with marginals p and v.
Definition

Letf : 22,(RY) — Randg: R? x 22,(RY) — R.
(1) fis called L-differentiable at n € 22, (]Rd), if the functional

PR >R, 1) 560 f(rod+ )7
is Fréchet differentiable at 0 € L2(RY — R?, 11). That is, there exists a unique v € L*(R? — RY, 1) such that

flpo(d+¢)~") —f(1) — (v, P
el —0 lIll,2
u w

=0,

where (v, ¢), = fmd (v(x), ¢(x)) pu(dx). In this case, ~ is called the L-derivative of f at 1. and denoted by DLf(u).
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Definition

(2) fis called L-differentiable on 92, (R%), if the L-derivative D'f(u) exists for all 4 € 2,(R9).
Furthermore, if for every u € 2, (R?) there exists a u-version DXf(u)(+) such that
DLf(u)(x) is jointly continuous in (i, x) € 22(RY) x R4, we denote f € C(10) (22, (RY)).

(3) gis called differentiable on R? x 22,(R4), if for any (x, u) € R? x P, (RY), g(-, p) is
differentiable and g(x, -) is L-differentiable. Furthermore, if Vg(-, 1) (x) and DEg(x, -) (1) ()

are jointly continuous in (x,y, 1) € R? x R? x 2,(R?), we denote
g € LU (R x 2, (RY)).
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Well-posedness of DDSDE

DDSDE driven by fractional Brownian motion of the form:
dX, = b(t, X,, Zx,)dt + o (1, Zx,)dBI ) Xy = x, 9)

where the coefficients b : [0, 7] x R? x Zy(RY) — R, 0 : [0,T] x Py(R?) — R? @ R? with
0 € [1,2].

(H1) There exists a non-decreasing function K(r) such that for any
te [Oa T]vxay € Rdv“)” € yg(Rd)a

|b(t, %, 1) = b(t, y, )| < K(@O)(Jx =y + W, v)), [lo(t, ) = o(t,v)|| < K(O)We (g, v),

and

[6(2,0,60)| + llo (2, 60) || < K(2)-

For any p > 1, let SP([0, T]) be the space of R¢-valued, continuous (Z1)iep0,1)-2dapted
processes 1 on [0, T] satisfying

1/p
llsr == (E sup w) < oo,
t€[0,7]
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Well-posedness of DDSDE

A stochastic process X = (X;)o<.<7 on R? is called a solution of (9), if X € 57([0, 7]) and P-a.s.,

1 ot
X, =&+ / b(s, Xy, Zx,)ds + / o(s, Zx,)dBY, re[0,T].
0 0

Theorem (Fan-Huang-Suo-Yuan, SPA, 2022)

Suppose that ¢ € IP(Q — R?, Z, P) with p > 6 and one of the following conditions:
() He(1/2,1), b, o satisfy (H1) and p > 1/H;
(I H e (0,1/2), b satisfies (H1) and o(z, ) does not depend on (z, ).

Then equation (9) has a unique solution X € S”([0, T]).

@ L. Galeati, FA. Harang and A. Mayorcas, Distribution dependent SDEs driven by additive
fractional Brownian motion, PTRF, 2022.
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Reference equation

C, (&) denotes the set of all bounded continuous functions f : & — R with the norm
Il := sup,ce |f(x)|, where & is a Polish space with the Borel o-field B(¢£"). Let

A= {qS : ¢ is R?-valued F;-predictable process and ||¢||%—t < o0 IP’—a.s.} ,
and for each M > 0, let
Lo
Syu=<qheH: 5||h||H <M;.

It is obvious that Sy endowed with the weak topology is a Polish space. Besides, define

Ay :={p € A: p(w) € Sy, P-as.}.
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For any fixed p. € C([0, T]; 2,(R%)), we introduce the following reference equation:
dX, = b(t, X, p)dt + o (1, 1)dB?, 0<t<T (10)
with initial value X, = y € R4.

Lemma (Lemma 1)

Suppose that (H1) holds. Then for any u. € C([0, T]; 2,(R%)), there is a measurable map
G, : C([0,T]; RY) — ([0, T]; RY) such that

X. = G, (B™).
Moreover, for each h € Ay, define
X" := G, (BY + (Ruh)()) ,

then X" satisfies the following equation

1 1
X —y+ / bs, X", p1s)ds + / o (s, 1s)d(Rerh) (5)
0 0

t

+/ o(s, us)dB 1 €[0,7], P-as.. (11)
0

A
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We now consider the following distribution dependent SDE:
dX; = b(1, Xy, Zx,)dt + o (1, Zx,)dBY, Xo=x € R, 1€ [0,T]. (12)

From the above lemma, it easily follows the following result.

Lemma (Lemma 2)

Suppose thaty = x and u; = %x,,t € [0, T] for equation (10) and (H1) holds. Then the solution
X of equation (12) satisfies X. = G, (BY), where G o, is given in Lemma 1 with p = Z.
Moreover, for any h € Ay, let

X!' =G (B! + (Ruh) (")) ,

then X" satisfies the following equation

t t
X+ [ b5, Xt Z)ds + [ oo, Z)a(Ruk)0)
0 0

1
+/ o(s, %, )dBY, 1 €[0,T], P-as..
0
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In this talk, our main objective is to study asymptotic behaviors for following DDSDEs driven by
fractional Brownian motions. For any € > 0,

dX; = b(t, X5, Ly )dt + o (1, Zye)dB], X5 = x. (13)

According to Lemma 2, there exists a measurable map G¢ := G, . such that X¢ = Ge(fBH).
Furthermore, for every h¢ € Ay, let

X = G (PB4 (Ruh®)(+)) (14)

then x="° satisfies the following equation
X it [ bxs s+ [ oo 2ok
+ € /Ota(s,flxse YdBH, 1€ [0,T], P-a.s.. (15)
Besides, we need the following result.
Proposition

Suppose that (H1) holds. Then there exists a unique function {X°},c [0,r] Such that
(i) x°ec([o,T;R?),
(i) x° satisfies the following deterministic equation

1
X?:x+/ b(s, X2, Zo)ds, t€[0,T]. (16)
0 s
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Main Results
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Rate function) A function 7 : & — [0, o) is called a rate function if it is lower semicontinuous.
Moreover, I is a good rate function if for each constant M < oo, the level set {x € & : I(x) < M}
is a compact subset of &.

(Large deviation principle) Let I be a rate function on &. Given a collection {¢(¢)} >0 of positive
reals, a family {X¢}.- o of &-valued random variables is said to be satisfied a LDP on & with
speed £(¢) and rate function I if the following two conditions hold:

(i) (Upper bound) For each closed subset F C &,

Definitio LDP
( ) 0, 50)

limsup ¢(e) log P(X € F) < — ig{ﬂl(x)
X

e—0

(i) (Lower bound) For each open subset G C &,

lim inf ¢(e) log P(X® € G) > — inf I(x).
e—0 x€G y
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The large deviation principle is equivalent to the following so-called Laplace principle.
Definition
(Laplace principle) Let I be a rate function on &. Given a collection {¢(¢)}.~ of positive reals, a

family {X<} .~ of &-valued random variables is said to be satisfied the Laplace principle upper
bound (respectively, lower bound) on & with speed ¢(¢) and rate function [ if for all o € Cp(&),

. o(X) ‘
llr?j(l)lp —£(e) logE |:exp (— " ):| < xlél(g{g(x) +1(x)}, (17)
(respectively,
liinjgf —{(e) log E {exp (— Qé(si;) )} > Xiélg{g(x) +1(x)}). (18)

The Laplace principle is said to be held for {X¢} with speed £(e) and rate function I if both the
Laplace upper and lower bounds hold.

4

@ A. Budhiraja and P. Dupuis, Analysis and Approximation of Rare Events: Representations
and Weak Convergence Methods, Springer, 2019. [Theorems 1.5 and 1.8]

@ P Dupuis and R. Ellis, A Weak Convergence Approach to the Theory of Large Deviations,
John Wiley Sons, 2011. [Theorems 1.2.1 and 1.2.3]
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Forany e > 0, let G : C([0, T]; R?) — & be a measurable map (with a slight abuse of notation
G¢). Next, we give the following sufficient condition for the Laplace principle (equivalently, the

LDP) of X¢ = G¢(f’Bf) as ¢ — 0.

(A0) There exists a measurable map G° : I¢''/*(L?([0, T], R¢)) — & such that the following

two conditions hold.

(i) Let{nc:e>0} C Ay forany M € (0,00). If h¢ converges to A in distribution as

Sy-valued random elements, then

Ge <5HB{* 4t /e%(e)(RH;f)(-)) — G°(Rh)

in law as e — 0, where {¢¢}.~( are positive reals.

(i) For each M € (0, 0), the set {G°(Ruh) : h € Su} is a compact subset of &.

Proposition

IfXe = G¢(eBH) and (AO0) holds, then the family {X¢ : ¢ > 0} satisfies the Laplace principle

(hence the LDP) on & with speed ¢(€) and the rate function I given by

1
I(f) = inf — |13 } feé. (19)
D= trerrowamy { 2
Here we follow the convention that the infimum over an empty set is +oo. )
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Below is a convenient and sufficient condition for verifying (A0)

(A1) There exists a measurable map G° : I(’ffl/z(Lz([O, 7],R%)) — & for which the following
two conditions hold.

(i) Let{nc:e>0} C Ay forany M € (0, 0). Foreach ¢ > 0,
lim P (d (ge(eHB,H + 105 () (Ruhe) (), QO((RHhe)(~))> > 5) =0,
e—0
where d(-, -) stands for the metric on &, {¢}.~( are positive reals.

(i) Let{n":n € N} C Sy forany M € (0,00). If A" converges to some element 4 in Sy as
n — oo, then GO(Ryh") converges to G°(Ryh) in &.

Proposition

IfXe = Ge(BH) and (A1) holds, then the family {X€ : ¢ > 0} satisfies the Laplace principle
(hence the LDP) on & with speed ¢(€) and the rate function I given by (19).
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Large deviation principle (LDP)

Introduce the following skeleton equation

Th=x+ /0 l b(s, ", Zyo)ds + /0 1 (s, Zy0)d(Ruh)(s), 1 € [0,7], (20)
where i € H and X is given
X0 =x+ /Otb(s,X?,ZX?)ds, 1€ 10,7].
As a consequence, we can define a map as follows
g° - 1 M2 ([0, 1), RY) 3 Ryh — Y" € C([0, T); RY). @1)

Our main result in this part reads as follows.

Theorem (LDP)

Assume that (H1) holds. For each ¢ > 0, let X¢ = {X{ },c(0,r] be the solution to equation (13).

Then the family {X¢ : ¢ > 0} satisfies a LDP on C([0, T]; RY) with speed ¢*" and the rate function
I given by (19), where G° is defined in (21).

) = — = =TT
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Moderate deviation principle (MDP)

In this part, we shall investigate the MDP for the equation (13) as e — 0. The moderate
deviations problem for {X¢ : ¢ > 0} is to study the asymptotics of

1
—logP(Y* € ),
200 og IP( )

where r(e) — 0o, er(e) — 0ase— 0and

xe —x0
Ye i = ———. 22
efl i (€) 22)

Recall the equations (13) and (16), from which we deduce that Y¢ satisfies

1 t
e :% /0 (b(t, x° + eHn(e)Yf,fxf) - b(s,X?,fX?))ds

5 /O "o (s, Zxe)dBY, 1€ [0,T]. (23)
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Next, we put

ge() = ge(“) _X07

el i (e)

which is a map from C([0, T}; R?) to C(]0, T]; RY) such that Y< = G (¢ BH) due to the definition
of G¢ and the relation X¢ = G¢ (/' B). Moreover, for any h€¢ € Ay, let

Yot = Ge ("B + Mk (e)(Ruh)(-)) , e

then Y& solves the following equation

€ 1
Ye,h —
! ek (€)

n /0 (s, e JA(RH) (5) +

'
/ (b(“‘vxg + EH“(E)Y;’hE > zxf) - b(x’X?’ fxg)) ds
0 ’ s

13
! /o(s,,s,ﬂxe)dgf, t€[0,T], Pas.. (25)
(e) Jo :
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In additional to (H1), we also need the following assumption. B
(H2) The derivative Vb(z, -, u)(x) exists and there is a non-decreasing function K(¢) such that
for anyre [07 T},X,y € Rdvu € PG(RL]):

[Vb(t, -, 1) (x) = Vb (t, -, ) ¥)]| < K(£)(Jx = ¥])-
Now, for each i € H, we introduce the following equation

5= / ' Vanb(s, - Lyo) (X{)ds + / tU(Svfxg)d(RHh)(S% t€[0,7], (26)
0 0

which is used to give the rate function of Theorem 2.4 below. Under the time Holder continuity of
o with order belonging to (1 — H, 1], the equation (26) admits a unique solution. Therefore, this
allows us to define a map as follows

G0 ' F2(L2([0,7),RY)) 3 Ryh v E" € C([0, T, RY). 27)

Theorem (MDP)

Assume that (H1) and (H2) hold. For each e > 0, let Y€ = {Yf },c(o,7] be defined in (22). Then
the family {Y¢ : e > 0} satisfies a LDP on C([0, T]; R?) with speed x~2(¢) and the rate function I
given by

3 1
)= nf {fnhn%{} . fec(o.1];RY, (28)
{heH:f =G0 (Ryh)} L2

where G° is defined in (27).
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Central limit theorem (

This part is devoted to studying the CLT for equation (13). More precisely, we shall show that
X€ 7X0

- converges to a stochastic process in the pth-moment sense as ¢ — 0. The limit process is
a solution to some linear equation which involves the Lions derivative of the coefficient b.
we will impose the following conditions on b and o.

(H3) Foreveryt e [0,T], b(z,-,-) € C(LO(RY x 2,(R?)), and there exists a non-decreasing
function K (r) such that

(i) forany:e [0,T], x,y € R, u,v € P (RY),

Vb (2, -, ) @) + 1D b (e, x, ) ()W) < K (1), Nlo(t, n) = o(t,0)|| < K(1)We(u, v)

and [b(z,0,80)| + [l (t,60) || < K(2).
(iy foranyre[0,7], x,y,21,22 € RY, p,v € P (RY),

IVb(1, -, 1) (x) = Vb(t, -, v) W) + [D"b(t,x, ) (1) (21) = DPb(t,y, ) () (22)]|
S K@ (v =yl + |zt — 22| + Wo (1, v)).
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Our main result in this part is stated in the following theorem.

Theorem

Assume that (H3) holds, then for anyp > 6 andp > 1/H,

€

Xx 7X?
el —Z

P
) < CT,p,HEPH(lJr sup IX?IZ”), € € (0, €],

E( sup
0<:<T t€[0,7]

where Z; satisfies
2= [ Vbl L)+ [ (B0, (Lig) (60),20)) g

t
+/ a(s, Zyo)dBHE, 1€ (0,7, (29)
0 Ll

and ey > 0 is a constant which will appear in the proof.
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Proof of LDP

it is enough to check that (A1) holds with G¢, G° and £(¢) given by (14), (21) and 2.

Lemma

Suppose that o satisfies (H1) and p € C([0, T]; 22,(R¢)) withp > 0 andp > 1/H. Then there is
a constant Cr, g > 0 such that

E | sup
1€[0,7]

The following lemma characterizes the difference between X< and x°.

Lemma

Suppose that (H1) holds. Then for any p > 6 andp > 1/H, there exists a constant ¢y > 0 such
that for every e € (0, €],

]E( sup
t€[0,7]

t
[ ots,m)ast
0

)4 T
> < Crpu [ o mllas. (30)
0

X — X}

p) < CT%HE"H (1 + sup \X?|p),
t€[0,7]

"t
AXf = b1, XS, L)+ Mo, Ly B!, X5 =x X =x+ /() /)(A-,Xﬁ),fxﬁ))dn 1€ [0,7].
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Proposition (To verify (A1) (i))

Suppose that (H1) holds and let {h : ¢ > 0} C Ay forany M € (0, 0). Then, for any § > 0,

lim P (IIX5" = @((Ruh)()lloo > 8) =0,

where || - || is the uniform norm on C([0, T]; RY).

Proof. For each fixed ¢ > 0, we have

X1 = G ((Ruh)()(0) = X7 1)

1
:/ (b5, X5, Zxe) = b(s, T, Z40)) ds
0 R Ll

*/Ot (G(s,gxf) fo(s,fxg)) d(Rih®)(s) + € /()’U(s,,fx;)dBﬁ’, 1€ 0,7].

Then, it follows that
€ € 2
X =i P <3

t
[ (ot x7 ) = 005, T8 Z3g))
;

2

+3 /0[ (o(s, xc) — (s, Zyo) ) d(Ruh) (s)

2

+3€2H = J](f)+J2(t)+J'5(I) (31)

t
/ o (s, L )dBY
0
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Lemma

Suppose that (H1) holds. Then for any M > 0,

sup sup |Tﬁ’|2 < Cr,u.m,
h€Sy 1€[0,T]

where Cr y m IS a positive constant only depending on T, H, M.

Proof.

|y

1 13
o +2 [t (s Zas+2 [0 (s, Ly 9)

= x> + 1,(t) + L(2). (32)
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Proposition (To verify (A1)(ii))

Suppose that (H1) holds and let {h" : n € N} C Sy for any M € (0, c0) such that " converges
to element h in Sy asn — oo. Then

lim sup |G°(Ruh™)(t) — G°(Ruh)(z)| = 0.

n—=09 e 0,7]

Proof. Foreachn > 1, let Y/ be the solution of equation (20) with / replaced by #". By (21),
there hold GO(Rizh") = T and GO (Ryh) = T".

1. We first prove that {Y""},> is relatively compact in C([0, T]; R¢). With the help of the
Arzela-Ascoli theorem, it is enough to show that {T"" }u>1 is uniformly bounded and
equi-continuous in C([0, T]; RY).

a) By previous Lemma, there exists a constant Cr g, > 0 such that

1
sup sup || < Crum, (33)
n>11€[0,7]

which means that {T""},5 is uniformly bounded in C([0, T]; RY).
b) Equi-continuous of {Y""},>, in C([0, T]; R?). By (20), we deduce that for 0 < s < r < T,

t 1
1V = [ b XY Lg)ar+ [ o Bg)aRal) ). (34)
s s
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2. Since {Y""},>, is relatively compact in C([0, T]; R¢), any subsequence of {Y""},>, we can
extract a further subsequence (not relabelled) such that Y converges to some Y in

C([0, T]; RY).

3. To show that T = T". Then we can conclude that the full sequence T*" converges to Y in
C([0, T]; RY), which is the desired assertion.
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Thank you very much for your kind attention!
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